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Abstract 

In this manuscript we consider the transformations of the oscillators of the bosonic 
fields of the superstring in terms of the fermions oscillators and vice versa. We demand 
the exchange of the commutation and anti-commutation relations of the oscillators. 
Therefore, we obtain some conditions on the Grassmannian matrices that appear in 
these transformations. We observe that there are several methods to obtain these 
conditions. In addition, adjoints of the matrix elements and T-duality of these matrices 
will be obtained. The effects of this bosonization and fermionization on the mass 
operators and on some massless states will be studied. The covariant formalism will be 
used and hence we consider both the matter parts and the ghost parts of the superstring 
theory. 
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1 Introduction 



There have been some efforts to understand bosonization and fermionization of various mod- 
els. In the method of bosonization, the fermions of a theory are expressed in terms of bosons. 
This provides a powerful non-perturbative tool for investigations in quantum field theory [1] . 
The extension of this idea can be seen in the Refs.[2, 3, 4, 5]. Also see [6] and references 
therein. The bosonization formalism includes the topics like smooth bosonization [3], connec- 
tion between dual transformations and bosonization [4], bosonization in higher dimensions 
[5], functional integral method in bosonization and so on. In the method of fermionization, 
one can eliminate the bosons in favor of fermions. For example, this method has applications 
in the heterotic string [7]. In fact, many phenomena that are difficult to understand in the 
usual language take simple forms in the transformed language. 

We consider the superstring theory. The transformations of the worldsheet bosonic fields 
in terms of the fermionic fields of the worldsheet (and vice versa) are not consistent. These 
inconsistencies appear in the level of the superstring oscillators. In other words, in this level 
the transformation matrices should depend on the mode numbers. Therefore, we concentrate 
on the oscillators of the worldsheet fields. Since calculations and results for the closed and 
open superstrings are similar, we only consider the closed superstring theory. 

We transform the oscillators of the bosonic fields to the fermions oscillators and vice 
versa. This bosonization and fermionization will be done simultaneously. These exchanges 
will be done for both the matter parts and the ghost parts of the R-R and NS-NS sectors of 
the superstring theory. Demanding the exchange of the commutation and anti-commutation 
relations of the oscillators, we obtain some conditions on the transformation matrices. There- 
fore, successive transformations (i.e., rebosonization and refermionization) lead to the trivial 
or orthogonal rotations of the oscillators. The elements of the matrices are Grassmannian 
variables and carry the mode numbers. The T-duality of these matrices and the adjoints of 
their elements will be obtained. The effects of this bosonization-fermionization on the mass 
operators and on some massless states also will be studied. 

The exchange of the bosons and fermions oscillators can be applied on any quantity which 
is made from the superstring oscillators. For example, one can apply them on the Virasoro 
operators, the BRST charge, boundary state of a Dp-brane, string field theory and so on. 

This paper is organized as follows. In section 2, we shall study the effects of our 
bosonization-fermionization in the matter part of the R-R sector. In section 3, we shall 
do the same for the matter part of the NS-NS sector. In section 4, the T-duality of the 
transformation matrices will be obtained. In section 5, the bosonization-fermionization in 



2 



the ghost parts of the superstring theory will be discussed. In section 6, the adjoints of the 
matrix elements of the transformation matrices will be obtained. 



2 Exchange of oscillators in the matter part of the R-R 
sector 

2.1 Conditions on the transformation matrices 

The quantization of the superstring worldsheet fields leads to the following equations 



[<.««] = = rnif v 6 m+nfi , 



irT, 



for the bosonic part, and 



for the fermionic part. 

Now we transform the bosons oscillators as in the following 



(2) 



where n is a nonzero integer. For the zero modes we introduce the transformations 



(3) 



A j/ u ' A ^ U ' 



(4) 



where / = v / 2a 7 . Assume that the spacetime is non-compact therefore, aft = 6% = The 
elements of the matrices A n , A n , A, A, \ and \ are Grassmannian variables. 

Applying the transformations (3) and (4) in the equations (1) and using the equations 
(2), give the following conditions on the transformation matrices 



A„A__ n — A„A_ n — —nl , 



(5) 
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for n^O. For the zero-mode matrices there are 

X X T + xA T = -ill , 
AA T + AA T = , 

XX T + XX T = 0. (6) 

The first condition comes from the noncommutativity of x M and p u , while the second and 
the third are results of [p^,p u ] = and [x^x"] = 0, respectively. 

Now consider the following mappings for the fermions oscillators in terms of the bosons 
oscillators 

^^-;(AIJ"X, (7) 
for n^O. The zero modes have the mappings 

d^\(-Kx T ry +(A r )"/) , 
d^\(-i{x T ry +(A T rx) . w 

Since two successive transformations should be trivial, we require these forms of transfor- 
mations for the fermions oscillators. See the equations (20) and (21). Introducing the 
bosonizations (7) and (8) in the equations (2) and using the equations (1) lead to the con- 
ditions 

A^A_„ = A^A_ n = nl , (9) 
for the nonzero-mode matrices, and 

x T x - \ T x = m , 

X T A-A T x = 0, 

x T \ - \ T X = iH , (10) 

for the zero-mode matrices. In fact, the conditions (9) and (10) are not independent of 
(5) and (6). The commutators [ao, a£] and [ao,a^] and the anti-commutators {d^dfy and 
{dQ,d^}, for n / 0, are zero. They do not put new restrictions on the transformation 
matrices. We shall see that the conditions (5), (6), (9) and (10) also can be obtained by 
various methods. 
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It is possible to apply only the bosonization or the fermionization. In this case the 
transformed theory has one kind of the commuting or anti-commuting oscillators. However, 
we consider both of them. Therefore, on any expression of the superstring oscillators, the 
mappings of bosonization and fermionization will apply simultaneously. 



2.2 Successive transformations 

We replaced the oscillators a%, a%, d% and a\ with a%, a%, D'£ and D'£, respectively. The 
conditions (5) and (9) imply that the oscillators {a^, a%, D'Jf, D'£} also obey the equations 
(1) and (2). Now perform transformations on the new oscillators 



n ) 



D't:^K = -\f n T„<. (12) 

The exchange of the commutation and anti-commutation relations of the transformed oscil- 
lators {a%,a%,D'£,D'£'} under the above transformations leads to the following conditions 
for the matrices A n and A n , 

- - T - -T 

A n A_„ = A„A_ n = — nl , 

A^A_„ = A n A_ n = nl . (13) 

These conditions are analog of the equations (5) and (9). 
Combination of the transformations (3) and (11) gives 

a M — > = --(X \ T Y a v 

«:^^ = -;(U! n rx, (M) 

where the definitions of D'£ and D'£ from (7) were used. In fact, these are rebosonization 
forms of the oscillators a% and a%. Now define the matrices A n and A n as 

A n = (A„A^ n ) , 
n 

An = --(A„F n ). (15) 
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These matrices satisfy the identities 

A^A_ n = A_„A^ = A^A_„ = A_ n A^ = 1 , (16) 

which can be interpreted as orthogonality-like equations. 

Using the definitions of and a% from (3), the equations (7) and (12) lead to the 
transformations 

riv- > nc — --(\ T X Y d v 

/ V 

€^K = -Uf n KTA. (17) 

These are refermionizations of d£ and d£. The matrices 

Tji = (AT n A n ) > 

fn = ""(On) . ( 18 ) 

77/ 

which appeared in the rotations (17), also satisfy the orthogonality-like equations 

T T n T. n = T. n T T n = t T n t_ n = t_ n t T n = 1 . (19) 
Similar discussions also hold for the zero modes. 



2.3 Alternatives for the conditions on the matrices 

In the transformations (3) apply the transformations (7). Thus, we obtain (14) with A n = A n 
and A n = A n , 

< — -h~K~\ T - n Y X ■ (20) 

These rebosonizations should be trivial. This triviality imposes the conditions (5) on the 
matrices A n and A n . Similarly, in the transformations (7) introduce the transformations (3). 
These lead to the special form of the transformations (17), 

(2i) 

Triviality of these refermionizations gives the conditions (9). 
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The same is true for the zero modes. That is, application of (8) in (4) leads to the 
conditions (6). Also application of (4) in (8) imposes the conditions (10). 
The mass operator 

In the R-R sector, the matter part of the mass operator is 

a'M 2 R = ( «-n • «n + OL-n • «n + n(d- n ■ d n + cL n • d n ) J + a R . (22) 

n=l ^ ' 

Under the mappings (3) and (7) this operator is invariant. In other words, as another 
alternative, this invariance leads to the conditions (5) and (9) for the matrices X n and X n . 

The equations (16) guarantee the invariance of the bosonic part of this mass operator 
under the rotations (14). Similarly, the invariance of the fermionic part, under the rotations 
(17), can be seen by the equations (19). 



3 Exchange of oscillators in the matter part of the NS- 
NS sector 

3.1 Conditions on the transformation matrices 

The quantization of the fermionic fields of the worldsheet gives the following anti-commutation 
relations 

{*Mft = 0. (23) 
For this sector we consider the transformations 

where the elements of the matrices 9 n and 6 n are Grassmannian variables and the half-integer 
r n is defined by 

r n = n- ^sgn(n) , n ^ . (25) 

The function sgn(n) denotes the sign of n. This implies r n + r_ n = 0. Substitute the 
transformations (24) in the equations (1) and also use (23), we obtain the conditions 

n T n = 9j T n = -nl . (26) 
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The transformations of the oscillators of the fermions have the forms 

%,->~Rrx- (27) 

Under these mappings the equations (1) and (23) put the following restrictions on the ma- 
trices 6 n and 9 n , 

e T J_ n = ~9 T J_ n = nl . (28) 

These are not independent of (26). Combination of the transformations (24) and (27) also 
gives the conditions (26) and (28). The result is analog of the rotations (20) and (21). 

According to the equations (1) and (23) the bosonization-fermionization in this sector 
require the equality cV m +r„,o — $m+n,o- Since m and n are nonzero integers, for the various 
cases, i.e., m, n > 1, m, n < — 1 and m > 1, n < — 1 ( or m < — 1, n > 1) this equality 
holds. 

The zero modes and p^ can be fermionized in terms of the oscillators {by 2 , Viy 2 } or 
{^i/2' ^-1/2}- For example, for the first set we can write 



x \ _^ e + e\ b 1/2 

l P J\\ + A_ ) { 6_ 1/2 



(29) 



where + , A + and A_ are 10 x 10 matrices with the anti-commuting elements. The 
commutation relations of x M and p^ put the following conditions on the matrices 

9 + \ T + 6_\ T + = -ill, 
6 + 6 T + 9-0 T + = 0, 

A + A T + A_A+ = 0. (30) 

These equations correspond to the relations = irf v , \x^,x v \ = and \jf ,p v \ = 0, 

respectively. 

The mass operator for this sector is 

00 



' M NS = S ( a - n ' + a ~ n ' an + r n( b ~r n ■ K n + b~r n ' Kj J + djvs . (31) 
n=l ^ ' 

This operator under the transformations (24) and (27) takes the form 

00 / 1 \ 
a'M^ 5 = 2 ^(1 - 7^)( a -« ' a ™ + a -« ' a «) + n (^-r-n • b r n + b- r „ ■ K n ) J + a NS ■ (32) 
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The mass operator (32) belongs to the transformed theory. Thus, it acts on the transformed 
states. 

Note that the transformation of the superstring theory gives a new theory for the super- 
string. Under this transformation the algebras of the oscillators remain invariant. This is 
similar to the superstring theory and its T-dual theory that the mass operator is common 
between them. 

The successive transformations with the matrices 9 n , 9 n , 9 n and 6 n produce rotations 
which are analog of (14) and (17), 

oM > --(§ e T Y a v 

n 

<^~ferx, (33) 

/ L 

K ^ -\€jnT X . (34) 

The matrices in these rotations are orthogonal-like. Therefore, the bosonic and the fermionic 
parts of the mass operator (31), under these rotations, are invariant. 

3.2 Examples 
3.2.1 A massless state 

Consider the following massless state with the momentum A; M , 

\r) = b»_ l/2 \k-Z) . (35) 

If the state \Z) is the NS vacuum, the above state belongs to the open superstring spectrum. 
Therefore, it describes a gauge field. If \Z) is the Ramond vacuum, the state (33) is a 
massless state of closed superstring. 

Under the bosonization, it changes as 

\^) ^ \^) = (ely x_,\k- z) . (36) 

The state a^L^h; Z) is a massive vector field in the bosonic part of the superstring theory. 
Let be polarization vector of the state (35). Thus, the vector state a^k; Z) has the 
polarization 

e v = E,(Q\y v . (37) 
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Since the components of are commuting numbers, the components of e M are anti-commuting 
numbers. The mass of the state should be calculated by the operator (31), while the 
operator (32) determines the mass of 

a'M 2 NS \r) = {\ + a NS W) , 

a'M 2 NS \r) = {\ + a NS W) ■ (38) 

Under the bosonization-fermionization we have the exchange |(/> M ) < — ► The exchange 

also occurs in the mass operators M^ s < — > M^s- Including the ghost parts, the normal 
ordering constant is a^s = —\- 

3.2.2 Presence of a Dp-brane 

Consider a Dp-brane that its worldvolume is along the directions {X a }. Let the set {X 1 } 
denote the coordinates which are perpendicular to the worldvolume of the brane. The 
massless states 

b a _ 1/2 \k), bt 1/2 \k), (39) 

are gauge field and collective coordinates of this Dp-brane. Under the transformations (27) 
these states transform as in the following 

b1 1/2 \k) — (eJT^ik) + (OV-il*> » 

bi 1/2 \k) — m ,a^\k) + {ely j-aixlfc) . (40) 

That is, the transformed versions of the gauge field and the collective coordinates of the 
brane have expressions in terms of the massive vector field and collective coordinates of the 
bosonic part of the theory. Note that by the operator (32), the right-hand-sides of (40) also 
are massless, as expected. 

3.2.3 The metric and antisymmetric tensor 

The massless state of the NS-NS sector 

\<T ,77) = (£ 1/2 fc 1/2 + vr- 1/2 br_ 1/2 )\k) , 

describes the metric G^ v (for 77 = 1) and the antisymmetric tensor B^ v (for 77 
bosonization, it transforms to the state 

W v ,77) = (ifiwhT + vielwhy*) \k) , 



(41) 

= -1). After 
(42) 
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where the matrix W^ u has the definition 



W» v = a^a^ . (43) 
Using the mass operator (32), we observe that the state (42) is massless. 

4 T-duality of the transformation matrices 

Let the direction X^ be compact. Therefore, the oscillators {a£ , d£ , bf' , a%, d%, If} with 
/i' 7^ /i , under the T-duality do not change, while the oscillators {a^°, d%°, bf } transform as 

b?° — > -b?° . (44) 

On all oscillators of the superstring, exchanges of the oscillators accompanied by the T- 
duality transformations can be applied successively. For example, let study the R-R sector 
in detail. 

On the oscillator apply T-duality and then fermionization. These give 

<° — -<° — -(A„r;x° - (^rx . (45) 

Now perform fermionization and then T-duality 

< — (A„r M x° + {ktx — > -(KK^n + (Krx , (46) 

where the matrix A^ is the T-dual of A n . We demand that the final results to be equal. 
Thus, we obtain 

(Kr„ = -wv • (47) 

Now apply the processes T-duality-fermionization on the oscillator a£ . These give the other 
elements of the matrix A^, 

(Kfw = • (48) 

The equations (47) and (48) completely determine all elements of the T-dual matrix A^. 
Note that if we apply the T-duality-bosonization processes on the fermions oscillators d%> 
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and d£ , we obtain the same result for the matrix A^. For the oscillators of the left-moving 
fields the corresponding matrices under the T-duality do not change, i.e., 

&) M * =&)"„• (49) 

The T-dualities of the zero modes p^° = Pl°+Pr and x^° = x^+x 1 ^ are = —p^ 

and x'^ = — respectively. Under the fermionization we have 

a 

x' m ^~xZdo+r°A . (50) 

Note that p 11 ' and x^' under the T-duality are invariant. Therefore, introducing the processes 
T-duality- fermionization on p^° , p^' , x^ and x' 1 ' , we observe that the T-dual versions of the 
matrices A, A, x an d X a l so obey the equations (47)- (49). 

In the same way, for the NS-NS sector the transformation matrices under the T-duality 
have the following elements 

iff \m _ (q yo 

\ u n) fi \ u n) n j 

&)\ = (*»)\- (51) 

In other words, the T-dualities of the transformation matrices in the R-R and NS-NS sectors 
obey the same rule. 

5 Exchange of oscillators in the ghost parts 
5.1 The ghosts of the R-R sector 

The oscillators of the conformal ghosts and super-conformal ghosts are {b n ,c n ,b n ,c n } and 
{Pm In, (3 n , 7n}, respectively. Define the two-component vectors B l n , B l n , rf n and ff n with 
% e {1, 2} as in the following 

B n = b n , B 2 n = c n , 
B n = b n , Bl = c n , 

Vn Pn ? Vn Tn j 

^ = /3n , € = 7n • (52) 



12 



According to these definitions the commutation and anti-commutation relations of the ghosts 
oscillators take the forms 



[vln,Vi}=0, (53) 
{Bl,B} l } = {Bl,Bi l } = S^5 m+n , , 

{BL, Bi} = 0, (54) 
where the symmetric matrix S and the antisymmetric matrix p are defined by 

S ={\ o)' P= (" "o 1 )' <55) 

We shall use the following properties of these matrices 

pS + Sp = , S 2 = 1 , p 2 = -1 . (56) 
For the components of the vectors rf n and ff n we introduce the following fermionizations 

rf n — (n n y 3 Bi , 

rf n — (f2„)« , (57) 

where n is any integer mode number, which includes zero. The elements of the 2x2 matrices 
Q n and Q n are Grassmannian quantities. The equations (53) and (54) and the fermionization 
(57) put the following conditions on the matrices Q n and Q n , 

n n sn T _ n = n n sn T n = - P . (58) 

The bosonizations of the components of the vectors B l n and B % n can be considered as 

B* n — (Sn T _ nP y 3 rf n , 

K — (sn T _ nP y 3 ff n . (59) 

Introducing these mappings into (54) and using (53) lead to the conditions 

fi^-n = Slll&l-n = S . (60) 

These conditions are not independent of (58). That is, combinations of the equations (58) 
and (60) are trivial identities. 
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The contributions of the super-conformal ghosts and conformal ghosts to the mass oper- 
ator are 



®' M scg = - £ [n(r] T _ n pr] n + fj^pfjSj , (61) 
a 1 M% = f) (n{B T _ n SB n + B T _ n SB n )) . (62) 



Now introduce the transformations (57) and (59) into these operators. According to the 
conditions (58) and (60) the masses a'M^ g and a'M^ cg are exchanged. In other words, the 
quantity a'(M^ g + M^ cg ) remains invariant. 

5.2 Successive transformations 

Combine the transformations (57) and (59). We obtain analog of the equations (20) and 
(21), 

rf n — > (n n sn T _ nP y x , 

b\ — (sn T _ nP n n y .Bi , (63) 

which are rebosonization and refermionization. Similar transformations also hold for the 
oscillators of the left-moving fields. Triviality of these transformations leads to the conditions 
(58) and (60). Inversely, the conditions (58) and (60) imply that the above mappings to be 
trivial. 

Now consider two different successive transformations. The first is distinguished by the 
matrices Q n and Q n , and the second by Q n and Cl n . The matrices fl n and Q n also satisfy the 
conditions (58) and (60). Therefore, we have non-trivial rebosonization and refermionization 

t — (n n sn T _ nP y jV i = (M n y jV i , 

K — (SQ^ n pQ n y -Bi = (N n y -Bi . (64) 

These are analog of the transformations (14), (17), (33) and (34). Similar relations also hold 
for the left-oscillators. The matrices M n and N n satisfy the identities 

M T nP M_ n = M nP M T _ n = p , (65) 

N^SN. n = N n SN? n = S . (66) 

The meaning of the equations (65) is invariance of the mass (61) under the first trans- 
formation of (64). Also the equations (66) imply that the mass (62) under the second 
transformation of (64) is invariant. 
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5.3 The ghosts of the NS-NS sector 

For the super-conformal ghosts of this sector we have the vectors rf r and fj l r , with the com- 
ponents 



fjl =j3 r , f} 2 r =% , (67) 

where r is a half-integer number. The commutation relations of these oscillators are 

[vl,fji]=0. (68) 

Let the transformation matrices for this sector be u n and uj n . Therefore, we have the 
following fermionizations 

fji n — > (u n y 5 & n , (69) 

where the half-integer r n has been given by the definition (25). The bosonizations of B l n and 
B l n , for n^O, are 

K — {Su T _ n P y ,C . (70) 

According to the mappings (69) and (70), the relations (54) and (68) (or triviality of the 
successive transformations analog of (63)) give the following conditions on the matrices u n 
and u n , 

u n SuF n = u n Su T n = -p , 

ulpUJ-n = OJnPU-n = S . (71) 

These conditions are not independent of each other. Since the features of the commutation 
relations (53) and (68) are the same, the matrices u n and Q n obey the same conditions. 
For the zero modes we consider the transformations 

xh**>(Z 
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The commutation relations (54) for m = n = give the following conditions on the matrices 
ujq and u) , 

lOqPU = oJqPljo = S. (73) 

The conformal ghost part of the mass operator has been given by (62). The contribution 
of the super-conformal ghosts is 

a'Ml g = - £ (r n (V-r n PVr n + f-r n pflrS) ■ (74) 
n=l V J 

The sum of the masses (62) and (74) under the transformations (69) and (70) changes to 
a\M% + Ml g ) = £ ( - n{r, T _ rnPVrn + V-r n PVr n ) + r n (B T _ n SB n + B T n SB n )) . (75) 

71=1 V / 



This operator acts on the transformed states, under (69) and (70). 

There are equations analog of (64)-(66) with u n and u n instead of Vt n and Cl n . By these 
equations, the operators a'M^ g and a'M^ cg are invariant. 



6 Adjoint of a matrix element 

The adjoint of a superstring oscillator has the property 

(€) f = C k , (76) 

where q% denotes any oscillator of the superstring. For the R-R sector k is integer and for 
the NS-NS sector it is half-integer. According to this equation, the matrix elements of the 
transformation matrices have the adjoint as in the following 

[(Qn)M t = (Q-n)\ , 

Qn £ A n , 6 n , 6 n , Q n , fl n , u) n , u n } . (77) 

This is due to the uniqueness of the bosonization and fermionization of the superstring 
oscillators. Note that this is adjoint of the matrix elements. It is not the adjoint of the 
matrices. 



7 Conclusions and summary 



By using the matrices with the Grassmannian elements, we considered transformations of 
the oscillators of the bosonic fields in terms of the oscillators of the fermionic fields of 
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the superstring, and vice versa. The exchange of the commutation and anti-commutation 
relations of these oscillators (under the above transformations) puts some conditions on the 
above matrices. These conditions also can be obtained from the other methods such as 
triviality of the similar successive transformations. 
The matter parts 

In the R-R sector the mass operator remains invariant, while in the NS-NS sector it 
changes. The transformed mass operator acts on the transformed states of the superstring. 
On the other hand, the transformed theory is a new theory which has common oscillator 
algebra with the initial theory. 

Different successive transformations give (orthogonal) rotations to the oscillators. In 
other words, these rotations are rebosonization and refermionization. Therefore, under these 
rotations the bosonic and fermionic parts of the mass operators of the both sectors separately 
remain invariant. 

We obtained the polarization of a massive vector field in terms of the polarization of the 
superstring gauge field. This vector field comes from the bosonic part of the superstring 
theory. In addition, transformations of the gauge field and the collective coordinates of a 
Dp-brane were analyzed. The new versions of the spacetime metric and the antisymmetric 
tensor also were obtained. 

The effects of the T-duality on the transformation matrices were studied. We observed 
that in the R-R and NS-NS sectors the T-dualities of the Grassmannian matrices obey the 
same rule. 

The ghost parts 

Since we considered the covariant formulation of the superstring theory, the conformal 
and the super-conformal ghosts are also analyzed. Therefore, in each sector, by using the 
corresponding bosonization-fermionization, we obtained the conditions on the transformation 
matrices and the changes of the mass operators. 

We observed that the mass operator in the R-R sector is invariant, while in the NS-NS 
sector it changes. The matrices of the non-trivial rebosonization and refermionization satisfy 
some identities. Under these transformations, the mass operators of the conformal ghosts 
and super-conformal ghosts separately are invariant. 

Finally, we saw that the adjoint of a matrix element, similar to the adjoint of an oscillator, 
changes the sign of the mode number of that matrix element. 
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